We analyze the isospin-breaking corrections to quark condensates within one-loop SU (2) and SU (3) Chiral Perturbation Theory including mu = m d as well as electromagnetic (EM) contributions. The explicit expressions are given and several phenomenological aspects are studied. We analyze the sensitivity of recent condensate determinations to the EM low-energy constants (LEC). If the explicit chiral symmetry breaking induced by EM terms generates a ferromagnetic-like response of the vacuum, as in the case of quark masses, the increasing of the order parameter implies constraints for the EM LEC, which we check with different estimates in the literature. In addition, we extend the sum rule relating quark condensate ratios in SU (3) to include EM corrections, which are of the same order as the mu = m d ones, and we use that sum rule to estimate the vacuum asymmetry within ChPT. We also discuss the matching conditions between the SU (2) and SU (3) LEC involved in the condensates, when both isospin-breaking sources are taken into account.
I. INTRODUCTION
The low-energy sector of QCD has been successfully described over recent years within the chiral lagrangian framework. Chiral Perturbation Theory (ChPT) is based on the spontaneous breaking of chiral symmetry SU L (N f ) × SU R (N f ) → SU V (N f ) with N f = 2, 3 light flavours and provides a consistent and systematic modelindependent scheme to calculate low-energy observables [1] [2] [3] . The effective ChPT lagrangian is constructed as the more general expansion L = L p 2 + L p 4 + . . . compatible with the QCD underlying symmetries, where p denotes derivatives or meson mass and external momentum below the chiral scale Λ χ ∼ 1 GeV.
The SU V (N f ) group of vector transformations corresponds to the isospin symmetry for N f = 2. In the N f = 3 case, the vector group symmetry is broken by the strange-light quark mass difference m s − m u,d , although m s can still be considered as a perturbation compared to Λ χ , leading to SU (3) ChPT [3] . In the N f = 2 case, the isospin symmetric limit is a very good approximation in Nature. However, there are several known examples where isospin breaking is phenomenologically relevant at low energies, such as sum rules for quark condensates [3] , meson masses and corrections to Dashen's theorem [4] , pion-pion [5, 6] and pion-kaon [7, 8] scattering in connection with mesonic atoms [9, 10] , CP violation [11] , a 0 − f 0 mixing [12] , kaon decays [13, 14] and other hadronic observables (see [15] for a recent review).
The two possible sources of isospin breaking are the m d − m u light quark mass difference and electromagnetic (EM) interactions. Both can be accommodated within the ChPT framework. The former is accounted for by modifying the quark mass matrix and generates a π 0 η mixing term in the SU (3) lagrangian [3] . The expected corrections from this source are of order (m d − m u )/m s . On the other hand, EM interactions, which in particular induce mass differences between charged and neutral light mesons, can be included in ChPT via the external source method and give rise to new terms in the effective lagrangian [4] [5] [6] [16] [17] [18] of order L e 2 , L e 2 p 2 and so on,with e the electric charge. These terms fit into the ChPT power counting scheme by considering formally e 2 = O(p 2 /F 2 ), with F the pion decay constant in the chiral limit.
The purpose of this paper is to study the isospin-breaking corrections to quark condensates, whose main importance is their relation to the symmetry properties of the QCD vacuum. The singlet contributions ūu +dd for SU (2) and ūu +dd +ss for SU (3) are order parameters for chiral symmetry, while the isovector one ūu −dd behaves as an order parameter for isospin breaking, which is not spontaneously broken [19] . We will calculate the condensates within one-loop ChPT, which ensures the model independency of our results, and will address several phenomenological consequences. The two sources of isospin-breaking will be treated consistently on the same footing, which will allow us to test the sensibility of previous phenomenological analysis to the EM low-energy constants (LEC). Moreover, the EM corrections induce an explicit breaking of chiral symmetry which will lead to lower bounds for certain combinations of the LEC involved, provided the vacuum response is ferromagnetic, as in the case of quark masses. In addition, in SU (3) one can derive a sum rule relating the different condensate ratios for m u = m d [3] which, as we will show here, receives an EM correction not considered before and of the same order as that proportional to m u − m d . The latter is useful to estimate the vacuum asymmetry d d / ūu reliably within ChPT. An additional aspect that we will discuss is the matching of the SU (2) and SU (3) LEC combinations appearing in the condensates when both isospin-breaking sources are present, comparing with previous results in the literature. The analysis carried out in the present work will serve also to establish a firm phenomenological basis for its extension to finite temperature, in order to study different aspects related to chiral symmetry restoration [20] .
With the above motivations in mind, the paper is organized as follows: in section II we briefly review the effective lagrangian formalism needed for our present work, paying special attention to several theoretical issues and to the numerical values of the parameters and LEC needed here. Quark condensates for SU (2) are calculated and analyzed in section III, where we discuss the general aspects of the bounds for the EM LEC based on chiral symmetry breaking. In that section we also comment on the analogy with lattice analysis. The SU (3) case is separately studied in section IV. In that section, we perform first a numerical analysis of the isospin-breaking corrections, paying special attention to the effect of the EM LEC in connection with previous results in the literature. In addition, we obtain the EM corrections to the sum rule for condensate ratios, which we use to estimate the vacuum asymmetry within ChPT. We also provide the LEC bounds for this case, checking them with previous LEC estimates and, finally, we discuss the matching conditions for the LEC involved. In Appendix A we collect the lagrangians of fourth order and the renormalization of the LEC used in the main text.
II. FORMALISM: EFFECTIVE LAGRANGIANS FOR ISOSPIN BREAKING
The effective chiral lagrangian up to fourth order is given schematically by
The second order lagrangian is the familiar non-linear sigma model, including now the gauge coupling of mesons to the EM field through the covariant derivative, plus an extra term:
Here, F is the pion decay constant in the chiral limit and U (x) ∈ SU (N f ) is the Goldstone Boson (GB) field in the exponential representation U = exp[iΦ/F ] with :
with η the octet member with
with A the EM field. M and Q are the quark mass and charge matrices, i.e., in SU (3) M = diag(m u , m d , m s ) and Q = diag(e u , e d , e s ) with e u = 2e/3, e d = e s = −e/3 for physical quarks. The additional term in (2), the one proportional to C, can be understood as follows: the QCD lagrangian for m u = m d coupled to the EM field is not invariant under an isospin transformation q → gq with g ∈ SU (N f ) and q the quark field. However, it would be isospin invariant if the quark matrix Q is treated as an external field transforming as Q → g † Qg. Therefore, the low-energy effective lagrangian has to include all possible terms compatible with this new symmetry, in addition to the standard QCD symmetries. The lowest order O(e 2 ) is the C-term in (2), since U transforms as U → g † U g. Actually, one allows for independent "spurion" fields Q L (x) and Q R (x) transforming under SU L (N f ) × SU R (N f ) so that one can build up the new possible terms to any order in the chiral lagrangian expansion, taking in the end Q L = Q R = Q [4] .
In the previous expressions, F, B 0 m u,d,s , C are the low-energy parameters to this order. Working out the kinetic terms, they can be directly related to the leading-order tree level values for the decay constants and masses of the meson masses and decay constants were given in [2, 3] for e 2 = 0. EM corrections to the masses can be found in [4] for SU (3) and in [6, 18] for SU (2) including both e 2 = 0 and m u = m d isospin-breaking terms. The fourth-order lagrangian in (1) consists of all possible terms compatible with the QCD symmetries to that order, including the EM ones. The L p 4 lagrangian is given in [2] for the SU (2) case, h 1,2,3 (contact terms) and l 1...7 denoting the dimensionless LEC multiplying each independent term, and in [3] for SU (3) the LEC named H 1,2 and L 1... 10 . The EM L e 2 p 2 and L e 4 for SU (2) are given in [5, 6] , k 1,...13 denoting the corresponding EM LEC, and in [4] for SU (3) with the K 1...17 EM LEC. For completeness, we give in Appendix A the relevant terms needed in this work. The LEC are renormalized in such a way that they absorb all the one-loop ultraviolet divergences coming from L p 2 and L e 2 , according to the ChPT counting, and depend on the M S low-energy renormalization scale µ in such a way that the physical quantities are finite and scale-independent. The renormalization conditions for all the LEC can be found in [2, 4, 6, 17] and we collect in Appendix A only those needed in the present work.
As customary, we denote the scale-dependent and renormalized LEC by an "r" superscript. The renormalized LEC are independent of the quark masses by definition, although their finite parts are unknown, i.e., they are not provided within the low-energy theory. The numerical values of the LEC at a given scale can be estimated by fitting meson experimental data, theoretically by matching the underlying theory under some approximations, or from the lattice. These procedures allow to obtain estimates for the "real-world" LEC at the expense of introducing residual dependencies of those LEC on the parameters of the approximation procedure, which typically involves a truncation of some kind. Examples of these are the m s dependence on the SU (2) LEC when matching the SU (3) ones, the correlations between LEC, masses and decay constants through the fitting procedure, the QCD renormalization scale and gauge dependence of some of the EM LEC or the dependence with lattice artifacts such as finite size or spurious meson masses. We will give more details below, specially regarding the EM LEC which will play an important role in our present work. An exception to the LEC estimates are the contact LEC h i and H i , which are needed for renormalization but cannot be directly measured. The physical quantities depending on them are therefore ambiguous, which comes from the definition of the condensates in QCD perturbation theory, requiring subtractions to converge [2] . It is therefore phenomenologically convenient to define suitable combinations which are independent of the h i , H i . We will bear this in mind throughout this work, providing such combinations when isospin-breaking is included.
We will analyze in one-loop ChPT (next to leading order) the quark condensates, which for a given flavour q i can be written at that order as:
The above equation is nothing but the functional derivative with respect to the i-th component of the scalar current, particularized to the values of the physical quark masses, according to the external source method [2, 3] . Therefore, we will be interested only in the terms of the fourth-order lagrangian containing at least one power of the quark masses. These are the operators given in eqns.(A1) and (A2) for SU (2) and SU (3) respectively. Thus, the LEC that enter in our calculation are l 3 , h 1 , h 3 , k 5 , k 6 , k 7 in SU (2), and L 6 , L 8 , H 2 , K 7 , K 8 , K 9 , K 10 in SU (3). Besides, up to NLO, only tree level diagrams from the fourth-order lagrangian can contribute to the condensates, so that in practice it is enough to set U = 1 in (A1)-(A2) for getting those tree-level contributions from (9) .
A. Masses and low-energy constants
For most of the numerical values of the different low-energy constants and parameters in the SU (3) case, we will follow [26] , where fits to K l4 experimental data are performed in terms of O(p 6 ) ChPT expressions, including the isospin mass difference m u /m d = 1 and EM corrections to the meson masses, extending a previous work [27] where isospin breaking was not considered. Those fits have been improved in a recent work [28] , which takes into account new phenomenological and lattice results. We will however stick to the values of [26] , since our main interest is to compare the isospin-breaking condensates with the two sources included and to estimate the effect of the EM LEC. In the new fits [28] isospin breaking is included only to correct for the charged kaon mass and the condensate values are not provided. For a review of different estimates of the quark masses and condensates see also [29] and [30] . In addition, in [31] a recent update of lattice results for low-energy parameters can be found, including LEC and the quark condensate. We will use the central values of the main fit in [26] . The value of m s /m = 24 [29, 30] is used as an input in [26] , as well as L r 6 = 0, as follows e.g. from OZI rule or large-N c arguments [3] . The more recent fits [28] consider an updated value of m s /m = 27.8 in accordance with recent determinations [31] and a nonzero value of L r 6 is obtained as an output. The suppression of L r 6 has been questioned in connection with a reduction of the light quark condensate when the number of flavours is increased [32] , within the framework of generalized ChPT. In that context, the chiral power counting is modified due to the smallness of the condensate. Here, we will adhere to the standard ChPT picture, where the condensate and the GOR-like relations are dominated by the leading order [33] , sustained by the recent lattice LEC estimates [31] . The values of F = 87.1 MeV, 2B 0m = 0.0136 GeV 2 , m u /m d = 0.46 and L 8 (µ = 770 MeV) = 0.62 × 10 −3 are outputs from the main fit in [26] . With those values we get from (6) ε = 0.014 and from (7) the tree level masses of π 0 , K 0 , η. To calculate the tree level charged meson masses, we need also the value of the C constant, which can be inferred also from the results in [26] since the EM correction is numerically very small in the charged kaon mass with respect to the pure QCD contribution. This allows to extract the tree level charged kaon mass directly from the expressions for M K ± /M K ± ,QCD in [26] , approximating M K ± ,QCD by the full physical mass. From there we extract the value of C by subtracting the tree level QCD part in (7) calculated with the above given quark masses. In this way we get C = 5.84 × 10 7 MeV 4 , which is very close to the values obtained simply from the charged-neutral pion mass difference in (7) setting the masses and F to their physical values [6] or from resonance saturation arguments [4] . From that C value we obtain the tree-level charged pion mass, using again (7) . Nevertheless, to the order we are calculating we could have used as well the physical meson masses and decay constants instead of the tree level ones, since formally the difference is hidden in higher orders. The main reason why we choose the values in [26] is to compare directly with their numerical quark condensates and estimate the importance of the K r i corrections (see section IV A for details). The constant H 2 will also appear explicitly in quark condensates. Since it cannot be fixed with meson experimental data, when needed we will estimate it from scalar resonance saturation arguments as H r 2 = 2L r 8 [16, 26] , although we will comment below more about the H r 2 dependence of the results and provide physical quantities which are independent of the contact terms.
Regarding the EM LEC, the SU (3) K r i have been estimated in the literature under different theoretical schemes. Resonance saturation was used in [35] , large-N c and NJL models in [34] , complemented with QCD perturbative information in [36] and a sum-rule approach combined with low-lying resonance saturation has been followed in [37, 38] . The works [34, [36] [37] [38] have in common the use of perturbative QCD methods for the short-distance part of the LEC and different model approaches for the long-distance part. This procedure implies that the LEC estimated in that way depend (roughly logarithmically) in general on the QCD renormalization scale, which we call µ 0 to distinguish it from the low-energy scale µ, as well as on the gauge parameter. A closely related problem is that the separation of the strong (e = 0) and EM contributions for a given physical quantity is in principle ambiguous [34, 37, 39, 40] . The origin of this ambiguity [40] is that QCD scaling quantities such as quark masses contain also EM contributions through the Renormalization Group (RG) evolution in the full QCD+EM theory. Thus, a particular prescription for disentangling those contributions must be provided. In addition, when matching such quantities between the low-energy sector and the underlying theory, the choice of a given prescription will necessarily affect the scale and gauge dependence of the EM LEC. These theoretical uncertainties, as well numerical ones, make those theoretical EM LEC estimates not fully compatible among them. For these reasons, in many works analyzing EM corrections, the LEC are simply assumed to lie within "natural" values |K 
× 10
−3 at the scale µ ∼ M ρ [4, 6] . The above theoretical issues will be addressed in more detail in sections III and IV D. The LEC dependencies on the QCD scale and on the gauge parameter do no affect directly our results, being only relevant when comparing them with approaches where those LEC are obtained by matching the underlying theory. In that context we will see that the LEC combinations that we will deal with are gauge independent and lie within the stability range where the dependence on µ 0 is smooth and the matching makes sense [34, 36] . The theoretical errors quoted e.g. in [34] account for the uncertainty related to the µ 0 dependence.
As for the SU (2) k r i , no direct estimate is available to our knowledge, although one can relate them to the K r i
by performing formally a 1/m s expansion in a given physical quantity calculated in SU (3) and comparing to the corresponding SU (2) expression, similarly as the l i ↔ L i conversion given in [3] . This has been done partially for some combinations of the LEC, namely, those appearing in the neutral pion mass [41] , in pion scattering [9, 41] and in the pionium lifetime [41, 42] . More recently, a full matching of the EM SU (2) and SU (3) LEC at the lagrangian level has been performed in [43] using functional integral methods in the chiral limit. In the present work, we will provide a complementary analysis. Namely, in section IV we will obtain the matching relations between the LEC involved in the quark condensates, including both m u − m d and EM contributions. Those relations will be consistent with the results in [43] and phenomenologically useful when dealing with approximate LEC determinations where isospin and mass corrections may be entangled.
III. TWO-FLAVOUR QUARK CONDENSATES AND BOUNDS FOR THE EM LEC
We start by giving the explicit one-loop ChPT expressions for the quark condensates in SU (2) with all the isospinbreaking corrections included, which we derive from (9):
where:
and throughout this work we will follow the same notation as in [2, 3] :
The µ i arise from the finite part of the one-loop tadpole-like contribution G i (x = 0), with G the free meson propagator [2] . The renormalization conditions for the LEC involved in (10)- (11) can be found in [2] and [6] and we give them in Appendix A. With that LEC renormalization, one can check that the condensates in (10)- (11) are finite and scale-independent, which is a nontrivial consistency check. Recall that h 3 and k 7 do not need to be renormalized. The condensates still depend on the h 1 and h 3 contact LEC, which, as explained above, yield an ambiguity in the determination of the condensates. The result (10) for e = 0 and m u = m d reduces for e = 0 to the expressions given in [2] . The condensate difference (11) is given in [2] for e = 0, which we agree with, and in [6] for e = 0, which we also agree with, except for the relative sign between the two terms, which should be a minus in their eq.(3.12) [44] .
Let us now argue on how the EM corrections to the condensates may lead to constraints for the EM LEC. Those corrections come directly from the coupling of the EM field to the quarks in the QCD action, which break chiral symmetry. Actually, to understand better the origin of the different sources involved in chiral symmetry and isospin breaking, it is useful to keep the charges of the u and d flavours arbitrary and to separate the isoscalar and isovector contributions of the charge matrix in SU (2):
with τ 3 = diag(1, −1) corresponding to the third isospin component. The EM part of the QCD lagrangianqγ µ A µ Qq breaks explicitly chiral symmetry SU L (2) × SU R (2) if e u = e d , through the isovector part in (14) . The isovector also breaks the isospin symmetry SU V (2) (L = R) except for transformations in the third direction, which corresponds to electric charge conservation. On the other hand, the mass termqMq breaks chiral symmetry for any nonzero value of the quark masses, preserving isospin symmetry if m u = m d . Altogether, the conclusion is that the QCD lagrangian is chiral invariant only if e u = e d and m u = m d = 0. Thus, chiral symmetry is explicitly broken even if e u = e d , as long as any of the quark masses m q = 0, or equivalently, in the presence of an external scalar source, as needed to derive the condensates. If e u = e d and m u = m d = 0, chiral symmetry is broken but isospin symmetry is conserved. Now, let us remind how this charge and mass symmetry breaking pattern translates into the low-energy sector. The leading order L p 2 +e 2 in (2) contains separate combinations of the charge and mass terms, both sharing the QCD pattern. Thus, the charge contribution proportional to C in (2) can be decomposed according to (14) , giving a constant term proportional to (e u +e d ) 2 independent of masses and fields, plus the term C (e u − e d ) 2 /4 tr τ 3 U τ 3 U † , which contributes directly to the pion EM mass difference in (4) . Therefore, in the second order lagrangian all the EM chiral symmetry breaking terms are proportional to (e u − e d )
2 . This is no longer true for the fourth order lagrangian in (A1), for which the symmetries of the theory allow for crossed mass-charge terms, like those proportional to k 5 , k 6 and k 7 . Those crossed terms break chiral symmetry even for e u = e d for any nonzero quark mass, the strength of chiral breaking being proportional both to the quark charge e and to the quark massm. Consequently, they contribute to= −2 ∂L/∂(m u + m d ) , the expectation value of the SU V (2) singlet behaving as an order parameter for chiral symmetry breaking. Setting U = 1 in the lagrangian gives a piece proportional to k 5 +k 6 yielding (e u + e d ) 2 and (e u − e d ) 2 contributions toand another one proportional to k 7 contributing both toand to ūu −dd = −2 ∂L/∂(m u − m d ) , the isotriplet order parameter of isospin breaking:
where the dots indicate terms not contributing to the condensates at this order. Thus, we see how the two sources of isospin breaking show up in the order parameter (11), which does not receive pion loop contributions in SU (2). The latter is the explicit confirmation that isospin symmetry is not spontaneously broken in QCD [19] , since all the contributions to this order parameter vanish for m u = m d and e = 0.
On the other hand, the quark condensatebehaves as an order parameter for chiral symmetry and therefore measures the different sources of symmetry breaking: spontaneous and explicit. Thus, it is naturally expected that its absolute value increases when a new symmetry-breaking source, as the EM contribution, is switched on. This increasing behaviour is what we denote as ferromagnetic, in analogy with the behaviour of the magnetization in a ferromagnetic material under an external magnetic field.
There is no a priori formal argument to ensure the ferromagnetic-like nature of the QCD low-energy vacuum. We can nevertheless learn from the response of the system to the light quark massm, which is the actual counterpart of the magnetic field in a ferromagnet, since it breaks the chiral symmetry explicitly by coupling to the order parameter. For the mass, this ferromagnetic behaviour is actually followed by the e = 0 condensates in the standard ChPT framework, both to O(p 4 ) and to O(p 6 ) with the LEC in [27] , although assuming L 6 suppression and the dependence on contact terms still introducing a source of ambiguity. With the recent fit giving nonzero L r 6 and a new value also for L r 8 [28] we get also that ūu +dd increases with light quark masses, from our O(p 4 ) expressions. The same ferromagnetic effect implies the increasing of the critical temperature of chiral restoration when increasing the pion mass, confirmed by ChPT calculations [45] and lattice simulations [46] . Finally, lattice results for the condensate [31] reveal a systematic increase of its absolute value with respect to direct estimates [29] , reflecting again the same behaviour, since the pion masses used in the lattice remain above the physical values. The EM symmetry-breaking is of different nature as the mass, the former coming from vector-like interactions while the later being of scalar type. However, as we have discussed in the previous paragraphs, their symmetry breaking effects on certain observables are similar. Thus, the isovector part in (14) increases the masses of the charged mesons, according to (4) and (7), while the isovector and isoscalar both mix with the mass and contribute to. There are other arguments pointing in the same direction when EM interactions are switched on. At finite temperature, the EM pure thermal corrections to the condensate also increase its absolute value for any temperature [20] . On the other hand, the condensate increases under the influence of an external magnetic field eH, which can be also understood as the reduction of the free energy ∼ m< 0 (to leading order) needed to compensate for the EM energy increasing ∆ EM ∼ (eH) 2 /2 > 0 [47] . Our purpose here will be to explore the consequences of that EM ferromagnetic behaviour to leading order. If the vacuum response is ferromagnetic, certain bounds for the EM LEC involved should be satisfied. We will derive those bounds and show that they are independent of the low-energy scale and thus can be checked in terms of physical quantities. Next we will check that the bounds are satisfied for the different estimates available for the EM LEC, with more detail for the SU (3) case in section IV D, where we also discuss the gauge independence of our results. This will provide a consistency check for the ferromagnetic behaviour.
An important comment is that we will discuss the ferromagnetic-like condition on the EM correction toand, as explained above, the splitting of the e = 0 and e = 0 parts in QCD+EM is ambiguous [39, 40] . This does not affect the low-energy representation of the condensates, which can be written in terms of physical quantities such as meson masses and decay constants. However, we will test our bounds with the EM LEC estimates obtained by matching low-energy results with the underlying theory [34] [35] [36] [37] . Therefore, we have to be consistent with the prescription for charge splitting followed in those works. This amounts to the direct separation of the e = 0 part, which still may contain residual charge and µ 0 QCD scale dependence through running parameters. The consequence is that the EM LEC thus defined are in general µ 0 -dependent, as discussed in [40] . Therefore, those estimates are reliable only if there is a stability range where the dependence on µ 0 is smooth and lies within the theoretical errors [34] . Actually, such stability range criteria are met for the LEC involved in our analysis (see section IV D). Within that range, our identification of the e 2 dependent part inis consistent with the splitting scheme followed in those works. Actually, in that scheme F 0 is µ 0 -independent and the e 2 -dependent part of the µ 0 running of B 0 m u,d is the same as that of m u,d in perturbative QCD+EM [40] . Hence, it is consistent to assume that the ChPT leading order of= −2B 0 F 2 0 + . . . does not introduce any residual e 2 dependence when performing the charge splitting in the low-energy expression. Using a different splitting prescription would lead in general to different bounds and a different definition of the EM LEC. For instance, an alternative splitting procedure is introduced in [40] by matching running parameters of the e 2 theory with those of the e 2 = 0 one at a given matching scale µ 1 . In that way, the EM part can be chosen as µ 0 independent but it depends on the matching scale µ 1 . We will not consider that splitting here, since there are no available theoretical estimates for the LEC defined with that scheme. The scale dependence for the LEC in either scheme is roughly expected to be logarithmic.
Having the above considerations in mind, and going back to the case of physical quark charges, we separate the EM corrections to the condensate through the ratio:
with ν i defined in (13) and where we have expanded in
, which is numerically reliable and can be performed in addition to the chiral expansion, in order to simplify the previous expression.
We note that in SU (2) and to this order, the ratio (15) is not only finite and scale-independent but it is also independent of the not-EM LEC, including the contact h 1 , h 3 , and therefore free of ambiguities related to the condensate definition. In fact, this ratio is also independent of B 0 , unlike the individual quark condensates, which have only physical meaning and give rise to observables when multiplied by the appropriate quark masses, since
In SU (2), the above ratio does not depend either on the mass difference m d − m u , i.e., it depends only on the summ and its deviations from unity are therefore purely of EM origin. All these properties make the ratio (15) a suitable quantity to isolate the EM effects on the condensate. Thus, the ferromagnetic-like nature of the chiral order parameter, within its low-energy representation, would require that this ratio is greater than one, or equivalently to this order, ∂/∂e 2 ≥ 1. That condition leads to the following lower bound for the combination of EM LEC involved to this order, neglecting the O(δ 
We remark that the bound (16) is independent of the low-energy scale µ at which the LEC on the left-hand side are evaluated as long as the same scale is used on the right-hand side. Thus, it provides a well-defined low-energy prediction, expressed in terms of meson masses. The LEC on the left-hand side could be estimated by fitting lowenergy processes or theoretically from the underlying theory, with all the related subtleties commented above.
The condition (16) and the corresponding ones for SU (3) that will be derived in section IV D are obtained as a necessary condition that the LEC should satisfy if the QCD physical vacuum is ferromagnetic. This positivity condition on the quark condensate probes the vacuum by taking the mass derivatives (9) through the external source method so that the quark masses have to be kept different from zero and in that way the explicit symmetry breaking corrections are revealed in the condensate. If one is interested in the chiral limit, it must be taken only after differentiation, i.e., directly in eq. (15) . In that case, it is not justified to perform the additional δ π expansion in the charge because the e = 0 masses vanish and one would be left only with the µ π ± contribution in the r.h.s. of (15), now with M 2 π ± = 2Ce 2 /F 2 . That would actually give a larger negative value for the lower bound, coming from the smallness of the charged part of the pion mass (see details below) so that the bound in the chiral limit is less predictive. The fact that our bounds depend on quark masses is similar to other bounds on LEC obtained from QCD inequalities [48] .
Nevertheless, the main physical interest is to test this bound for physical masses, using different estimates of the LEC in the literature. Thus, as a rough estimate, setting µ = M ρ 770 MeV and with the physical pion masses M π ± 139.57 MeV, M π 0 134.97 MeV, the bound (16) .4) MeV. This is a bit more restrictive than the "natural" lower bound −6.93 × 10 −2 for the above LEC combination, obtained by setting all of them to −1/(16π 2 ). The chiral limit gives −0.17 (with the value of C discussed in section II A and F = 87.1 MeV) i.e., much less restrictive, as commented above. More detailed numerical analysis will be done for SU (3) in section IV D.
On the other hand, the maximum value for the ratio (15) for the k r i within "natural" values is obtained by setting the three of them to k
qq e=0 = 1.0054, which gives an idea of the size of this correction. We remark that the term proportional to ν π on the ratio (15) comes directly from the dependence of the pion masses on e 2 , so that it parametrizes the corrections in the condensate coming from any source of pion mass increasing, not only the EM one. Therefore, the same result can be used in order to provide a rough estimate of lattice errors in the condensate due to including heavier pion masses as lattice artifacts. In some lattice algorithms like the staggered fermion one, the situation is very similar to the mass differences induced by the charge terms. In that formalism, the finite lattice spacing induces terms [49] that break explicitly the so called taste symmetry (four different quark species or "tastes" are introduced for every quark flavour) leaving a residual U (1) symmetry, pretty much in the same way as the charge term in (2) . As a rough estimate, we can then replace 2Ce 2 /F 4 by the corresponding δ π from the lattice, obtained as the difference between the mass of the lightest lattice meson and the true pion mass. For a lattice pion mass of about 300 MeV, the ν π term in (15) gives a correction of about 6%, which for a condensate value of (250 MeV) 3 represents about (5 MeV) 3 , which is within the order of magnitude quoted in [31] . Nevertheless, it should be taken into account that the staggered ChPT [49] has a much richer structure than the EM terms considered here and in particular there will be other operators contributing to the condensates at tree level, multiplied by the pertinent low-energy constants. If those constants are of natural size, we expect the size of the corrections to the condensate to remain within the range quoted above.
IV. THREE FLAVOUR QUARK CONDENSATES.
A. Results for light and strange condensates.
In the SU (3) case, we derive to one loop in ChPT the light condensatel = ūu +dd and the strange one ss , taking into account both m u − m d and e = 0 corrections. Apart from the kaon and eta loops, an important distinctive feature in this case is the appearance of the π 0 η mixing term with the tree-level mixing angle ε defined in (6) which is one of the sources of isospin-breaking corrections. The results we obtain for the condensates with all the corrections included are the following:
ūu −dd
where we use the notation (13) and:
Note that in some of the above terms we have preferred, for simplicity, to leave the results in terms of quark instead of meson masses. An important difference between the SU (2) and SU (3) cases is that now there are loop corrections in ūu −dd , where eta and pion loops enter through the mixing angle and kaon ones through the charged-neutral kaon mass difference. We have checked that the results are finite and scale-independent with the renormalization of the LEC given in Appendix A and that they agree with [3] for e = 0. Some unpublished results related to the SU (2) and SU (3) isospin-breaking condensates can also be found in [50] .
Numerical results for the condensates to this order can be found in [26] . As explained in section II A, the effect of the K r i constants (20) in the condensates is not fully considered in that work, where the EM contributions are included through the corrections of Dashen's theorem [34] , so that only the K r i combinations entering mass renormalization appear. We will use then our results with all corrections included to estimate the range of sensitivity to the K r i of the condensates, analyzing the possible relevance for the fit in [26] . Our results are displayed in Table I . As discussed in section II A, we take the same input values L Our results agree reasonably with [26] , although we note that the values in that work lie outside the natural range for the individual condensates. The largest relative corrections are about 2% for the light condensates and about 4% for the strange one. These isospin-breaking corrections are significant given the precision of the condensates quoted in [26] . On the other hand, the corrections lie within the error range quoted by lattice analysis [31] . In turn, note the bad ChPT convergence properties of the strange condensate, somehow expected since ss is much more sensitive to the strange quark mass m s than the light condensate [27] and therefore the large strange explicit chiral symmetry breaking m s is responsible in this case for the spoiling of the ChPT series, based on perturbative mass corrections. For the vacuum asymmetry d d ūu − 1, the natural values band cover the result in [26] , although the numerical discrepancies in that case are relatively larger, between 15% and 24% for the lower and upper limit of the K r i respectively. Recall that this quantity vanishes to leading order in ChPT, according to (18) , so that we expect it to be more sensitive to the K r i correction, which in this case comes mostly from the combination K r 9 + K r 10 . Nevertheless, it is worth noting that the results [26] imply d d / ūu > 1 and ss / ūu > 1, both in disagreement with many sum rule estimates of the condensate ratios [29] . Not surprisingly, we have the same discrepancy, since we use the same ChPT approach and the same numerical constants, except for the K r i corrections. The discrepancy in the relatively large value of ss / ūu comes possibly from the bad convergence of the ChPT series for the strange condensate, which in addition is very sensitive to the choice of H r 2 [26] . The light condensates converge much better and although the sign of d d / ūu − 1 is under debate, its magnitude is very small. In the latter case, our present calculation may become useful since the K r 9 + K r 10 contribution may change the sign of the vacuum asymmetry, although its precise value to fit a given prediction for d d / ūu − 1 would still be subject to the H r 2 value. For this reason, it is important to make predictions for quantities which are independent of this ambiguity, as we have done in section III and as we will do in section IV B, where the sum rule for condensate ratios will allow to make a more reliable estimate of the vacuum asymmetry including both sources of isospin breaking. Finally, we comment on the numerical differences by considering the more recent low-energy fits in [28] . Still keeping H [26] to O(p 4 ) using the same set of low-energy parameters as in the main fit of that work, except the K r i , which we consider at their lower (second column) and upper (third column) "natural" values. We also quote the values in the isospin limit to the same chiral order.
B. Sum rule corrections
As noted in [3] , for m u = m d one can combine the isospin-breaking condensates into a sum rule relating the isospin asymmetry d d / ūu with the strange one ss / ūu . Such relation is phenomenologically interesting because it does not include contact terms and hence is suitable for numerical estimates on the size of the isospin-breaking corrections. Our purpose in this section is to discuss the EM e = 0 contribution to that sum rule. To leading order in m u − m d and e 2 we find:
The last term, proportional to e 2 is scale-independent and is the charge correction to the result in [3] . With the numerical set we have been using, the m d − m u term in the right hand side gives −3.3 × 10 −3 , whereas the e 2 term gives −3.37 × 10
, the central value given in [34] . Therefore, the charge term above is of the same order as the pure QCD isospin correction and must be included when estimating the relative size of condensates through this sum rule. In fact, using the values quoted in [29] m u /m d = 0.55, m s /m d = 18.9 and ss / ūu = 0.66, we get from (21) with physical pion and kaon masses:
where the lower (upper) bound corresponds to the natural value K r 9 + K r 10 = +(−)1/(8π 2 ), while the value without considering the charge correction is −0.012 and the value quoted in [29] collecting various estimates in the literature is −0.009. The inclusion of the charge corrections may then help to reconcile this sum rule with the different condensate estimates available. In fact, through this sum rule we see that ChPT is also compatible with the asymmetries d d / ūu and ss / ūu being both smaller than one (see our comments in section IV A). Note that the ferromagnetic-like arguments used in sections III and IV D cannot be applied to ūu −dd , which does not behave as an order parameter under chiral transformations, since it is not invariant under SU V (2). Finally, we recall that estimates based on the sum rule (21) are more precise than the ones we have made directly from the condensates in section IV A, since this sum rule is free of the H r 2 ambiguity.
C. Matching of low-energy constants
Our aim in this section is to explore the consequences of including the two sources of isospin breaking for the matching of the LEC involved in the condensates. For that purpose, we perform a 1/m s expansion in the SU (3) sum and difference condensates given in (17)- (18) . Matching the O(1) and O(log m s ) terms with the corresponding SU (2) expressions in (10)-(11) yields the following relations between the LEC, for the sum and difference of condensates respectively:
In the above expressions, we have displayed the SU (2) contribution on the left hand side and the SU (3) ones on the right hand side, with K r 2 (µ) and K r 3+ (µ) given in (12) and (20) . Note that the 1/m s expansion has been implemented also in the tree level relations (7), so that M
It is important to point out that the pion mass charge difference is not negligible in the 1/m s expansion, and for that reason we keep M π 0 in (22) . For kaons, it is justified to consider the charge contribution negligible against the dominant m s term, so that at this order M K ± and M K 0 are not distinguishable.
In the sum matching relation (22) , the isospin corrections are not very significant. The mass difference m u − m d does not appear in the neutral and kaon masses to leading order in 1/m s and the charge correction, although being of the same chiral order as the M The above matching relations can be used directly for the approximated LEC (estimated theoretically or fitted to data) and for physical masses, since the difference with the tree level masses and LEC is hidden in higher orders. On the other hand, for the tree-level LEC, i.e. the ChPT O(pthen independent relations between the tree-level LEC involved at e 2 = 0 and the EM ones. Doing so, the EM and not-EM LEC combinations decouple and the results are compatible with those obtained in [3] for e = 0 and in [43] for e = 0 (setting m u = m d = 0 from the very beginning):
where the ν functions are evaluated exactly in the chiral limit, i.e, for M Our first conclusion is then that to this order of approximation, the formal matching of the condensates is consistent with the matching relations previously obtained. In other words, mass and charge terms can be separately matched. This would be no longer true at higher orders where for instance e 2 (m u − m d ) contributions may appear. Although the relations (22) and (23) reduce to (24) in the chiral limit for the tree-level LEC, it is better justified to use the original expressions (22)- (23) when dealing with physical meson masses and when the LEC are obtained either from phenomenological or theoretical analysis. The LEC obtained in that way are approximations to the lagrangian values and consequently they depend on mass scales characteristic of the approximation method used. For instance, the LEC obtained by phenomenological fits are sensitive to variations both inm and in m u − m d [26] , in resonance saturation approaches they depend on vector meson masses [37, 38] which themselves depend on quark masses and in the NJL model some LEC like K r 10 depend on the scale where the quark masses are renormalized [34] . We do not expect large differences between using the general matching relation (22) or the first and third equations in (24) , since the latter can be understood also as the e = 0 limit of the former and we have seen that this is numerically a good approximation. However, that is not so clear for (22) where the two isospin-breaking contributions are of the same order, both in the chiral expansion and numerically.
Finally, we can use the previous matching relations to estimate numerically the SU (2) condensates in (10) Table I . The larger difference in ūu +dd comes from the O(m s ) and O(m s log m s ) terms in the 1/m s expansion, which were separated when doing the matching and which are absent in the condensate difference. In fact, the numerical contribution of those terms to − ūu +dd SU (3) /B 0 F 2 is about 0.41, which explains perfectly the numerical differences and confirms the idea that in standard ChPT the light condensates calculated either in the SU (2) or in the SU (3) cases give almost the same answer near the chiral limit. This may be not the case in other scenarios of chiral symmetry breaking [32] .
D. EM corrections and SU (3) LEC bounds
We have seen in the SU (2) case that the EM ratio given in (15) is a relevant physical quantity allowing to establish a constraint for the EM LEC based on explicit chiral symmetry breaking. The same argument applied to the SU (3) case leads also to a constraint on the EM LEC obtained from the full condensate= ūu +dd +ss , which behaves as an order parameter, being an isosinglet under SU V (3). In addition, we can still consider the light condensatel as the order parameter of chiral transformations of the SU (2) subgroup, which in principle will lead to a different constraint. In fact, the latter is nothing but the constraint obtained in the SU (2) case (16) , once the equivalence between the LEC obtained in section IV C is used. As for the full condensate, it should be kept in mind that the large violations of chiral symmetry due to the strange quark mass may spoil our simple description of small explicit breaking. As commented above, this reflects in the large NLO contributions to the strange condensate, which in the standard ChPT framework depends strongly on m s , unlike the light condensate. Therefore, the bounds of the LEC obtained for the full condensate are less trustable, since neglecting higher orders, say of O(e 2 m s ) is not so well justified for ss . Proceeding then as in section III, where the same prescription of charge splitting when comparing with QCD approaches is understood, we calculate the ratios:
qq e =0e=0
where, as in the SU (2) case, we have expanded in δ π and also in
0.008, which allows to express the results in terms of the full π ± and K ± masses. Otherwise we should take into account that now M π ± (e = 0) = M π 0 , unlike the SU (2) case, and M K ± (e = 0) = M K 0 , by terms of order m d − m u . This is important when using this result for numerical estimates, since, as discussed before, the separation of the e = 0 correction to the masses is formally not unique. As in SU (2), the ratios (25)- (26) are finite and independent of the scale µ, of B 0 and of the not-EM LEC, so they are free of contact ambiguities.
As in section III, we want to explore the consequences of the ferromagnetic nature of the physical QCD vacuum under explicit chiral symmetry breaking for the EM LEC. Here also the charge-mass crossed terms in the fourth order lagrangian (A2) give explicit breaking contributions to the quark condensate coming now from the isoscalar, isovector and strangeness part of the charge matrix. For physical quark charges, demanding that the ratios (25)- (26) are greater than one we obtain the following EM bounds, to leading order in the chiral expansion and in δ π , δ K :
We remark that these constraints are independent of the low-energy scale µ. It is also clear that the light bound (27) is nothing but the one obtained in the SU (2) case (16) once the equivalence between the LEC given in the third equation of (24) is used. In Figure 1 we have plotted these two constraints in the (
) plane at µ = M ρ and within the natural region. We have used the same numerical values for the tree level LO masses, C and F as in previous sections. We observe that the bound on the full condensate is more restrictive than the light one in that range. However, as we have commented above, it is also less trustable, due to the large distortion of the chiral invariant vacuum due to the strange mass. Both bounds give also a more restrictive condition than just the natural size. Let us now check these bounds against some estimates of the K r i in the literature. We start with the sum rule approach for K r 7...10 in [37] . In that work, K 7 = K r 8 (M ρ ) = 0, but what is more relevant for us is that the combination K r 9 + K r 10 at any scale is gauge-independent despite being both K r 9 , K r 10 dependent on the gauge parameter ξ, as one can readily check from the explicit expressions given in [37] (c.f. their eqns. (94) and (95)). This is an interesting consistency check of our present bounds (27) and (28) , which are gauge independent in addition to their µ lowenergy scale independency commented previously, supporting their validity and predictive character. Numerically, the constant K r 9 could not be estimated in [37] due to the slow convergence of the integrals involved, but they provide a numerical estimate for K r 10 (M ρ ) = 5.2 × 10 −3 at µ 0 = 0.7 GeV and ξ = 1, for which we get K r 9 (M ρ ) ≥ −0.021 from (27) and K r 9 (M ρ ) ≥ −0.015 from (28) . See our comments about the µ 0 scale dependence in section III. In [35] resonance saturation gives K r 7...10 (M ρ ) = 0, which is compatible with our present bound. This is apparently incompatible with a previous value for K r 8 (M ρ ) = (−4±1.7)×10 −3 obtained in [4] . The possible reasons to explain this difference were discussed in [35] . That value for K r 8 is compatible with our bounds as long as 6K 7 +5(K r 9 +K r 10 ) ≥ −0.05 from (27) and 2K −3 , all of them at µ 0 = 0.7 GeV. These values are also compatible with both bounds (27) and (28) . We note that in [36] , where the short-distance contributions are evaluated as in [34] , the explicit expressions given for the LEC show again that K 7 , K r 8 and K r 9 + K r 10 are gauge independent. Furthermore, K r 9 and K r 10 , dominant for large N c in that approach, show a rather large stability range in the µ 0 scale around µ 0 = 0.7 GeV [34, 36] . Since K r 9 + K r 10 is the only combination surviving for large N c in our bounds, the comparison with those works is robust concerning the gauge and QCD scale dependence.
V. CONCLUSIONS
In this work we have carried out an analysis of strong and electromagnetic isospin-breaking corrections to the quark condensates in standard one-loop ChPT, providing their explicit expressions and studying some of their main phenomenological consequences for two and three light flavours.
Our results have allowed us to analyze the sensitivity of recent isospin-breaking numerical analysis of the condensates to considering all the EM LEC involved. The effect of those LEC is smaller for individual condensates than for the vacuum asymmetry, where they show up already in the leading order. These corrections lie within the error range quoted in lattice analysis. Our analysis can also be used to estimate corrections to the quark condensate coming from lattice artificially large meson masses.
We have shown that if EM explicit chiral symmetry breaking induces a ferromagnetic-like response of the physical QCD vacuum, as in the case of quark masses, one obtains useful constraints as lower bounds for certain combinations of the EM LEC, both in the two and three flavour sectors. We have explored the consequences of this behaviour for the ratios of e = 0 to e = 0 light and total quark condensates, which are free of contact-term ambiguities, and for a given convention of charge separation. The large ChPT corrections to the strange condensate make the constraints on the full condensate less reliable. In this context, we have discussed the different sources for EM explicit chiral symmetry breaking and isospin breaking terms, by considering formally arbitrary quark charges. Thus, there are chiral symmetry breaking terms proportional to the sum of charges squared, coming from crossed charge-mass contributions in the effective action, which show up in the vacuum expectation value. In accordance with the external source method, we keep the quark masses different from zero to account correctly for all the explicit symmetry breaking sources. The chiral limit can be taken at the end of the calculation. The bounds obtained are explicitly independent of the low-energy scale µ, providing then a complete and model-independent prediction at low energies. However, when this low-energy representation is compared with theoretical estimates based on QCD, one has to take into account that due to the convention used in the charge separation, the estimated LEC depend on the QCD renormalization scale µ 0 , as well as being gauge dependent. Our bounds are numerically compatible with those estimates, based on sum rules, resonance saturation and QCD-like models, within the stability range of µ 0 where those approaches are reliable. Furthermore, the LEC combinations appearing in our bounds are gauge independent. We believe that our results can be useful in view of the few estimates of the EM LEC in the literature.
We have found that the EM correction to the sum rule relating condensate ratios is of the same order as the previously calculated e = 0 one, and therefore must be taken into account when using this sum rule to estimate the relative size of quark condensates. We have actually showed that using the complete sum rule, which is also free of contact terms, yields a ChPT model-independent prediction for the vacuum asymmetry compatible with the results quoted in the literature.
Finally, we have performed a matching between the SU (2) and SU (3) condensates, including all isospin-breaking terms. Matching the sum and difference of light condensates gives rise to matching relations between the LEC involved, where EM and not-EM LEC enter on the same footing in the chiral expansion. These matching relations may be useful when working with physical masses and LEC estimated by different approximation methods. In the case of the sum, the charge contribution is numerically small with respect to the pion mass one, but in the difference the two sources of isospin-breaking are comparable. Taking the chiral limit, EM and not-EM constants decouple and the matching conditions are compatible with previous works for the LEC in the lagrangian, which are defined in this limit.
